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Abstract. We investigate the remainder in the asymptotic formula 
for the number of integer points in a family of bounded domains in the 
Euclidean space, which remain unchanged along some linear subspace 
and expand in the directions, orthogonal to this subspace. We prove 
some estimates for the remainder, imposing additional assumptions on 
the boundary of the domain. We study the average remainder estimates, 
where the averages are taken over rotated images of the domain by 
a subgroup of the group SO(n) of orthogonal transformations of the 
Euclidean space R". 

Using these results, we improve the remainder estimate in the adia- 
batic limit formula for the eigenvalue distribution function of the Laplace 
operator associated with a bundle-like metric on a compact manifold 
equipped with a Riemannian foliation in the particular case when the 
foliation is a linear foliation on the torus and the metric is the standard 
Euclidean metric on the torus. 



1. Preliminaries and main results 

1.1. The setting of the problem. A classical problem on integer points 
distribution consists in the study of the asymptotic behavior of the number 
of points of the integer lattice Z" in a family of homothetic domains in R". 
This problem is originated in the Gauss problem on the number of integer 
points in the disk, where it is directly related with the arithmetic problem 
on the number of representations of an integer as a sum of two squares, 
and sufficiently well studied (see, for instance, books [21 O [H [9] and the 
references therein). 

In this paper we investigate much less studied problem of counting integer 
points in a family of anisotropically expanding domains. More precisely, let 
F be a p-dimensional linear subspace of and H = F-^ the g-dimensional 
orthogonal complement of F with respect to the standard inner product 
(•, •) in M", p + q = n. For any e > 0, consider the linear transformation 
Te-.W ^ M" given by 



Te{x) 



X, if X G F, 
e^^x, \i X a H. 



For any bounded set S in M", we put 

(1.1) n,(S) = #(r,(5)nZ"), e>0. 

1 



2 



Y. A. KORDYUKOV AND A. A. YAKOVLEV 



The study of the asymptotic behavior of ^^(5) as e ^ for general 
domains in M" was started in [8j. In particular, the following asymptotic 
formula has been proved. 

Let r = Z" n r is a free abelian group. Denote by r = rankF < p 
the rank of T. Let V be the r-dimensional subspace of M" spanned by the 
elements of F. Observe that L is a lattice in V. Let T* denote the lattice in 
V, dual to the lattice F: 

F* = {7* e F : (7*,F) C Z}. 

For any x (zV, we denote by the (n — r)-dimensional affine subspace of 
M"", passing through x orthogonal to V. 

Theorem 1.1 ([8j, Theorem 1.1). For any bounded open set S in M" with 
smooth boundary, we have 

(1-2) n,(5) = E voln-r{Pr n 5) + 0(e^~^), e ^ 0. 

Here, if F is trivial, by definition we put vol(y/F) = 1. 

Actually, as it can be easily seen from the proof of this theorem, it holds 
for any set S C such that for any 7* G F* the intersection Py* n S is a 
bounded open set in P^* with Lipschitz boundary. Using this fact, one can 
easily prove a more general form of the formula (II. 2p . 

Theorem 1.2. For any set S in M" such that for any 7* € F* the intersec- 
tion Py* n S is a bounded open set in P^* which is Jordan measurable, we 
have 

(1.3) ne{S) ~ ^^^^ ^o\n-r{Pr H 5), £ ^ 0. 

In this paper, we continue the study of the remainder in the formula (jl.3p 
given by 

R,{S) = n,{S) - ' I vol„-.(P^. n S). 

Remark that, in a slightly different context, the problem of counting inte- 
ger points in a family of anisotropically expanding domains was also studied 
in considerable detail in [HI [I5l [101 [H] (see also the introduction of [8]). 

1.2. Main results. The first goal of the paper is to obtain more precise 
estimates for Rf,{S), imposing some additional assumptions on S. 

Theorem 1.3. Let S be any subset o/ M" such that for any 7* G F*, the 

intersection P^* n S is a bounded open set in P^* with smooth boundary. 

(1) If, for any 7* G F* and x G F n 1/-*- , the intersection 5 n {7* + a; + if } 
is strictly convex, then we have 

(1.4) Re{S) = 0(e9+i+2''(p-'-)-9), ^^Q_ 
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(2) If, for any 7* gT* , the intersection P-y* Ci S is strictly convex, then: 

(1.5) Re{S) = Oie^^'"), e^O. 

Remark that the first statement of Theorem 11.31 is a slight improvement 
of Theorem 1.2 in [8]. 

In \12\ [T3] , Randol suggested in the case of a family of homothetic domains 
in M" to consider instead of the remainder for a domain S its averages 
over rotated or over rotated and translated images of S. He observed that 
estimates for averages can be substantially smaller than individual estimates. 
In [T2I [13], such results were proved for bounded convex open sets with 
analytic boundary. The results of Randol were extended by Varchenko |16] 
to arbitrary bounded open sets with smooth boundary, proving a conjecture 
by Arnold. Finally, in [Ij the average remainder estimates were proved for 
any bounded convex open set S or in the case when the boundary of S is 
(^3/2 We refer to [Il|3] for more information and references on this problem. 

The second goal of the paper is to obtain similar results in the case under 
consideration. So we study averages of the remainder Re{S) taken over ro- 
tated images of by a group of orthogonal transformations of the Euclidean 
space M". We will consider several subgroups of SO(n). 

First, we consider the group SO{H) of orthogonal transformations of M", 
which fix any vector of F (and, as a consequence, take H to itself): 

SO{H) = {Ae SO(n) ■.A\f= Id}. 

We will denote by dh the Haar measure on SO(n) (and on any subgroup of 
SO(n) as well). 

Theorem 1.4. For any subset S of M" such that for any 7* € F* and 

X ^ Fn y-*", the intersection S D {7* + x + H} is a bounded open set in P^* 
such that either Sr]{'y* +X + H} is convex or the boundary of Sr]{'y* +x + H} 
is C^/^, we have 

[ \Re{hS)\dh = ©(e^+i+X-r)-?), e^o. 

JSO(H) 

Next, we consider the group SO(y-'") of orthogonal transformations of 
M", which fix any vector of V: 

SO(y^) = {Ae SO(n) ■.A\v= Id}. 

Theorem 1.5. For any subset S of M" such that for any 7* G F*, the 

intersection P^* (1 S is a bounded open set in P^* with smooth boundary, we 
have 

[ \ReihS)\dh = 0{e^=^i-'^), e ^ 0. 
Jso{v^) 

Finally, Theorem 11.51 easily implies the result on the average remainder 
estimates for the full group SO(n). 
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Theorem 1.6. For any hounded open set S in M" with smooth boundary, 
we have 

[ \ReihS)\dh = 0{e^^-'^), e ^ 0. 

JsO{n) 

Remark 1.7. It appears that, using the results of [Ij, one can relax the 
assumptions on smoothness of the boundary of S in Theorems 11.51 and II. 6[ 

1.3. Applications to adiabatic limits. It is well known that the Gauss 
problem on counting integer points in the disk is equivalent to the problem 
on the asymptotic behavior of the eigenvalue distribution function of some 
elliptic differential operator on a compact manifold, namely, of the Laplace 
operator on a torus. In the case under consideration, there is also an equiv- 
alent asymptotic spectral problem, namely, the problem on the asymptotic 
behavior of the eigenvalue distribution function of the Laplace operator on 
a torus in the adiabatic limit associated with a linear foliation. 

As above, let -F be a p-dimensional linear subspace of M" and H = F-^. 
Consider the n-dimensional torus T" = M^/Z". Let J- be the associated 
linear foliation on T": the leaf of T through x € T" has the form: 

L:^=x + F mod Z"". 

The decomposition of M" into the direct sum of subspaces M" = F ® H 
induces the decomposition g = gp + 9h of the standard Euclidean metric g 
on R" into the sum of the tangential and transversal components. Define a 
one-parameter family gg, of Euclidean metrics on M" by 

ge = gp + e~'^gH, e>o. 

We will also consider the metrics g^ as Riemannian metrics on T". 

Let A = (oi, . . . , ttn) G W^. For any e > 0, consider the operator in 
C°°(T") defined in the standard linear coordinates {xi,X2, ■ ■ ■ , Xn) in M" by 




where gl are the elements of the inverse matrix of g£. The operator 
can be considered as the magnetic Schrodinger operator on the torus T"", 
associated with the metric g^ and the constant magnetic potential A = 
Yl^=i^jdxj- It has a complete orthogonal systems of eigenfunctions 

Uk{x) = e'^^'^^'''\ xGM", /fceZ", 
with the corresponding eigenvalues 

n 

Afc = {27r)^\\k - = (27r)2 ^ {kj - aj) {k, - a,) . 

Denote by Ne{\) the eigenvalue distribution function of H,.: 
Ne{X) = t{k G : Afe < A}, AG M. 
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It is easy to see that 

Thus, the problem on the asymptotic behavior of the number n^[B^[A)) 
of integer points in the elhpsoid Tfr{B^{A)) as e — )• is equivalent to the 
problem on the asymptotic behavior of the eigenvalue distribution function 
A^e(A) as e — > 0. The limiting procedure e — > is often called passing to 
adiabatic limit. This notion was introduced by Witten in 1985 in the study 
of global anomalies in string theory. We refer the reader to a survey paper 
[7] for some historic remarks and references. 

In [5] (see also [6]), the first author computed the leading term of the 
asymptotics of the eigenvalue distribution function of the Laplace operator 
associated with a bundle-like metric on a compact manifold equipped with a 
Riemannian foliation, in adiabatic limit. The linear foliation on the torus is 
a Riemannian foliation, and a Euclidean metric on the torus is bundle-like. 

A more precise estimate of the remainder in the asymptotic formula of [5] 
in this particular case was obtained in [8j. As a straightforward consequence 
of Theorem II. 3^ we improve the remainder estimate of [8] . 

Theorem 1.8. For A > 0, the following asymptotic formula holds as e ^ 0; 
where the volume of the unit ball in M" . 



2. Proof of the main results 

2.1. Proof of Theorem II. 3L We will follow the proof of Theorem 1.2 in 
[S]. Therefore, we will skip some details, referring the interested reader to 
[8]. First of all, we observe that we have the inclusion 

7*er* 

For any 7* G P*, denote 



= {A: G : TTv{k) = j*}. 



We identify the affine subspace P^* with the linear space V'^, fixing an 
arbitrary point G Z". : 

It is easy to see that 

Z^* = k^* + P , 

where 

p^ = z" Pi 
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is a lattice in V'^. Observe that 

(2.1) voi{v^/T^) = voi(y/r). 

Thus, we can write 

(2.2) nsiS)= n,(5,7*), 

7*er* 

where 

n,(5,7*) = #(r,(5)nz!;.). 

Note that, since S is bounded, the sum in the right hand side of (j2.2p has 
finitely many non- vanishing terms. 

Fix 7* G r*. Let xs^, be the indicator of the set S^* = S{^P^*. It is 
easy to see that 

The space V-^ decomposes into the direct sum 

(2.3) V^=Fv^H, 

where Fy = F n V'^. We will write the decomposition of x € V'^, corre- 
sponding to (j2.3p . as follows: 



X = xp + xh, xf € Fv,xh € -ff- 

Note that 

Te(x) = Xf + e~^XH- 
Let p € C^(M) be an even function such that < p{x) < 1 for any 
a; € M and suppp C (—1, 1). For any tF > and tn > 0, define a function 
Pt,,tn e C^{V^) by 

(2.4) p,^,^(:r) = -^p({t-/xl + tjj^xlf'), xeV^, 

where the constant c > is chosen so that Jyx Pi,i{x) dx = 1. The function 
Ptp,tH is supported in the ellipsoid 

B{Q,tF,tH) = \xeV^:'^ + ^<l\. 

Define the function ne,tp,tH{S^^*) by 
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where the function Xt^{s^*) * Ptp-.tH ^ C'^(Py*) is defined by 

{Xt,{s^,)* PtF,tH){y) = I XT,{s^*){y -x)ptp,tHix)dx, y€P^ 
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For any domain D C P^* and for any tp > and tfj > 0, denote 
Dtp,tH = U {x + B{0,tF,tH)), 

x&D 

and 

D-tp-tH = ^7* \ (-^7* \ D)tp,tH- 

It is easy to see that, for any e > 0, tp > and tn > 0, one has 
Lemma 2.1. For any e > 0, tp > and tn > 0, we hav 

For any / G S{V'^), define its Fourier transform / € S{V'^) by 
f{0= f e-2-(«'^)/(a;)dx. 



Recall the Poisson summation formula 



(2.6) |p..,^(OI<C;v , , ,^|, ,^^,^1, eev^ 



where F C ^ is the dual lattice of F , and we used the relation ()2.1 
For any > 0, we have the estimate 

1 

Therefore, we can apply (|2.5p to the function 

(2.7) f{x) = ixT4{S-,,)tp^,t„) * PtF,tH){k^* x£ V^. 
Using the relations 

and 

PtF,t„{C) = Pl,l{tF^F+tH^H), e € V^. 

we obtain 

(2.8) ne,tp,tHiiSr)tF,etHn*) = ^ UT,{iS^.)tp,etH) * PtF'iH)if^) 

= ^Jvjr) ^ e2^^^'='^^-^^^^'^*^)x(vV,..(^e(fe))pi,i(ti^fci^ + iH%). 
We can write 

ne,tp,tH{{Sr)tF,etH:l*) = <,t^.,t^ (('S'7* )iF,rfH > 7*) + <,tj.,t^ (('S'7* > 7*), 
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where 

'^£,tj.,tjy(('S'7*)tF,£tif>7*) 

= VolfWD ^ X{S^.),,,,,{T,{k))h,l{tFkF+tHkH), 

^ ' ' feer-L*,fc„=o 

and 

((^r) 



e 



-9 



voi(wr) 

Let G r^* be such that kn = 0. Then k G Fy. Since T-^* C Q*" and 
n Q" = {0}, we get A; = 0. Thus, we have 

Since 

VOl„_r((S'7«)tF,£tH \ 'S'7*) < C(iF + tHS), 

we obtain that 
(2.9) 

n'e,tF,t„{iSr)tF,et„,7*) = ^^^^Y0ln-r{Pr^S) + 0itFe-'l+tHs'-''). 

Consider the case when k G F-*-* and kff ^ 0. Here the arguments depend 
on the conditions on the domain S wc have. 

(1) Assume that for any x & F the domain Sr\{x + H} is strictly convex. 
For any t e Fy and for any domain D C Pj* , we denote 

D{t) = {xH H : k^* + 1 + xh ^ D} C H. 

For any function (p G S{H), denote by Fh{4>) G S{H) its Fourier transform: 

[FH{(t>mH)= f </.(xj^)e-2'^^(««'^«) dxjj, ^HeH. 
Jh 

It is easy to see that 

J Fy 

and, therefore. 

(2.10) |X(5,.),^.,,^(T,(A;))|< / \FH[xiS,.),^,.,^ixF)]{s-'kH)\dxF. 
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By assumption, the domain S.y*{xp) = S Ci {7* + xp + H} is strictly 
convex. Therefore, for any sufficiently small e > 0, tp > and tn > 0, the 
domain (5^*)t^^£t^(3;ir) is strictly convex. We have the estimate 

(2.n) \FH[xis,,),^^..,i.,)m\ = om-^^+'y^), ici ^ 00. 

Thus, using the estimate (I2.10p . (I2.1f p and (12. 6p . we obtain that 
(2.12) \n'lt^,t,{{S,*)t„et„,l*)\ 



l + 4\xp\N +t^\xH\'' 



Put tp = e"^, tH = e"^, where 

2q q-l-2{p-r) 



g + 1 + 2(p - r) ' q+l + 2{p-r)' 

Using the estimates (j2.9p and ()2.12p . we immediately conclude the proof of 
the statement (1). 

(2) Assume that P^* n 5" is strictly convex. Then we have 

\Xis,*h,..„mm < C{\kp\ + 
Using this fact, as in (I2.12p . we obtain 

To complete the proof of the statement (2), we put tp = e"^, tu = e"^, 
where ap >^ and an > — 1 are given by 

2q q — p + r — 1 

otF = — r, oiH = — ; — • 

n — r + 1 n — r + 1 

2.2. Proof of Theorem [TH Let h G SO(iJ). We apply the formula (ITS]) 
to the set h{S). Since T^/i = /iTg, we have 

{h{S)^*)tp,etH = {KS-y))tp,etH = h{iSr')tF,£tH)- 
Therefore, the formula (12.81) reads as 



(2.14) n,,tp,tnmsy,.)tp,et,,7*) 

= K,tp,tH((^(^)r )tF,etH ' 7* ) + <,t^.,t« ((^(5')7- )tp,etH ,7*), 

where, since h preserves the volume in M", the first term is independent of 
h and satisfies the estimate 

ne,tp,tAihiS)r)tF,etH,l*) = ^^^yoln-riPr^S)+0{tp£-'l + tHe'-''), 
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and 

Here = denotes the transpose of h. 

Consider the case when k G F"*" and kn 7^ 0. We will keep notation used 
in the previous subsection. As in ()2.10p . we have 



\XiS,,),^,,Jh%{k))\ < / \FH[x[(s,.),^,.,^]ix,)]{e--'h'kH)\dxp. 

•J Fy 

Using the results of [1], we get 



/ \FH[X[{s,*)t^,.t„](x^)\{e ^h'kH)\^ 

JSO(H) 



\dh 

/SO(H) 

/ \ 1/2 

< U^^^ \FH[x[is,,),^..,„^t^.,^]{e-'h'kH)\^dh\ = 0(e(^+i)/2). 

Proceeding as above (cf. ()2.12p ). we immediately complete the proof. 

2.3. Proof of Theorem 11.51 Now we assume that h G 80(1/-'-). Then we 
still have 

h{S)j* = h{Sj*), 

but the equality 

{h{SY*))tp,etH = H{ST)tF,etH) 

only if 

tp = Etjj = t. 

Therefore, the formula (|2.14p holds for such tp and tfj- 
Let k€T-^* with % / 0. Then we have 

^-2ni{T,{k),h{x-k^*)) 

where, for simplicity of notation, we put = (S'^*)t^_ef^. By Stokes' 
formula, we obtain 

Yra ^ (h^T(k)) = - / e"^''*^^'^ (^)''*(^"''^* ^^i^t dx 
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where = YTJkJ]' ^^'^ write 

trp / r,\ \ 1 2 



1 



e 



-2ni{kp+e'^kHM'-^-y))i^^^ dxAif^t^ dyAdh. 



47r2|rs(A;)|2 Jg^^ Jq^^ 7so(F-L) 
So this is an oscillating integral with the phase 

y, h) = {kH, h{x - y)), x,y ^ dD^ CV^ ,h e SO(y^). 

If (xo, yol ^o) S X dD^ x SO(y-'") is a critical point of then we have: 

• for any v G Tx^dD^ and w G Ty^dD^ 

(kn, hov) = {hlkH,v) = 0, (/c^, how) = [h^kH^w) = 0; 

• for any X G 5o{V-^) 

(2.15) (A:^^, /ioX(xo - yo)) = (/^o^, ^(a^o - yo)) = 0. 

By ()2.15p . it follows that xq — 2/o = Oih^kn with some a G M. 

As in |161 Lemma 1], we have that at any critical point of ^ on dDg, x 
dD^ X SO(y"'") the rank of its second differential is at least 2(n — r) — 2, 
that implies by a slight modification of [16|. Lemma 2] that 

\Xis,,).,,..,{h'Uk))? dh < C\e-'kH\-^--^+'\ 
and therefore 



SO(V^) -< F H 



As in (|2.13p . we obtain 
JSC 



'SO{V-L) 



To complete the proof, we put t = e", where 

2q 



n — r + 1 

2.4. Proof of Theorem 11.61 First, we observe that there exists an invari- 
ant measure dh on the homogeneous space SO{V-^)\SO{n) such that 

/ \Re{hS)\dh= f If \Re{hih2S)\dhi] dh2. 

JsO{n) J SO(V^)\SO(n) \JsO{V^) J 

For any /12 G SO{n), by Theorem 1 1 . 5 1 applied to the domain h2S, we have 

/ \Rs{hih2S)\dhi < Ce^^-'^, e > 0. 
Jso{v^) 
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Moreover, it is easy to see from [16, Lemma 2] that the constant C > 
can be chosen independent of /i2 € SO{n), that immediately completes the 
proof of Theorem 11.61 
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